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(Non)singular Kantowski-Sachs universe from quantum spherically reduced matter
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Using thes-wave and largeN approximation the one-loop effective action for 2D dilaton coupled scalars
and spinors which are obtained by spherical reduction of 4D minimal matter is found. Quantum effective
equations for reduced Einstein gravity are written. Their analytical solutions corresponding to a 4D Kantowski-
Sachs(KS) universe are presented. For quantum-corrected Einstein gravity we get a nonsingular KS cosmol-
ogy which representdl) a quantum-corrected KS cosmology which existed on a classical ley2) arpurely
guantum solution which had no classical limit. The analogy with the Nariai BH is briefly mentioned. For
purely induced gravityno Einstein termwe found a general analytical solution but all KS cosmologies under
discussion are singular. The corresponding equations of motion are reformulated as a classical mechanics
problem of motion of a unit mass particle in some potential S0556-282(199)08112-9

PACS numbg(s): 04.20.Jb, 04.56:h, 11.25.Mj, 98.80.Cq

I. INTRODUCTION an analogy between the KS cosmology and Schwarzschild
black hole(BH) (or its generalizationsafter the interchange
It is a quite common belief that two-dimensional dilatonic of time and radial coordinatesee[11,17) we found a par-
gravity may be useful only as a toy model for the study ofticular solution of the quantum equations of motion analyti-
realistic 4D gravity, especially in the quantum regiffier a  cally. This solution represents nonsingular KS cosmology
review of quantum gravity, see, for example, Haf). How-  (expanding Universe with always a nonzero ragliugich
ever, it is quite well knowr(for example, see Ref2]) that ~ comes from Schwarzschild—de Sitter —anti-de SitterBH
spherical reduction of Einstein gravity leads to some specifi@fter interchange of time and radial coordinates. For purely

dilatonic gravity (for its most general model, see Rg8]).  induced gravity(when the cosmology is defined completely
At the same time, the spherical reduction of minimal 4Dby the quantum effects of matiewe present a general ana-
matter leads to 2D dilaton coupled matter. lytical solution of the quantum equations of motion. Unfor-

The conformal anomaly for a 2D conformally invariant, tunately, in this case all found KS quantum cosmologies are
dilaton-coupled scalar has been found in RMs:7] and the ~ singular. We also reformulate the last problem as a classical
corresponding anomaly-induced effective action has beemechanics problem, rewriting the system of equations as de-
found in Refs[5,6,8,9. The same calculation for 2D and 4D scribing the motion of unit mass particles in some potential
dilaton-coupled spinors has been presented recenflydh V.

Using such an anomaly-induced effective actioa., work-

ing in theswave and largéN approximation and adding it Il. ANOMALY-INDUCED EFFECTIVE ACTION

to the. reduced Einstgin action one may study four- AND NONSINGULAR KS COSMOLOGY
dimensional Kantowski-Sach$KS) quantum cosmology
[11] in a consistent way as it was done in REE2] (for a We will start from the action of Einstein gravity witN

discussion of 2D dilatonic quantum cosmology, see, for exminimal real scalars anil Majorana fermions:

ample, [13-15,12). (Note that using similar methods the

inducing of wormholes in the early Universe has been re- 1

cently investigated in Ref16], confirming such inducing. S=- RJ d*x v =g (RM-2A)
In the (mainly numerical study of Refs[12] it was found

that most of the KS cosmologies under investigation are sin- 1 N

gular at the initial stage of the evolution of the Universe. The + f d*x \/—9(4)<§ E g(”‘4"§(9a)(if9,;xi

interesting question is, can we constrynbn)singular KS =1

guantum cosmologies using purely analytical methods? Mo
In the present work we try to answer this question. Using +i21 Wi V’LV,M) , )
*Email address: nojiri@cc.nda.ac.jp where x; and ¢; are real scalars and Majorana spinors, re-
"Email address: octavio@ifug3.ugto.mx spectively. In order to apply the lardé-approachN and M
*Email address: odintsov@mail.tomsknet.ru, are considered to be largh,M>1; G and A are gravita-
odintsov@tspu.edu.ru tional and cosmological constants. Note that we do not dis-
$Email address: osetrin@tspu.edu.ru cuss possible topological restrictions to spindssich as
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twisted spinors, etg.as it does not matter in our discussion; e 2¢ _
the anomaly-induced effective action will be the same. 0= [20pad+(0$)"— i ¢]
We now assume spherically symmetric spacetime:
N+M ,. N
dszzgwdx“dx”ﬂLe*Z"ssz, ) T T 12 [ﬂtp (dip) ]_ 5 P+ (at(ﬁ)
N+2M
where u,v=0,1, g, and ¢ depend only fromx°=t, and — —B(Zatp&@—af(ﬁ)
dQ? corresponds to a two-dimensional sphere. 4
The action(1) reduced according to EQR) takes the form N
—znui )+ o, )
1
Sred:f dZX\/_geiz(ZS - R{R'ﬁ‘ 2(V¢)2 o2
o 0= 35 [202¢p—4(dp)>+2A P — 2P+ 29]
—2A+28%+ 5 E (Vx)2+ 2 97V ). N+M , N N+2M3
t—dpt (b)) - —f——db, (O
()
e 2¢

Note that the fermion degrees of freedom after reduction are 0=—

twice the original ones. In the spherical reductiptV , 4G

repalaced byy*(V ,+ 07"5) but the second term does not con- N N+2M/3 N

tribute to the action. + 5 dpdr) + Tatzp+ > wldp. (7)
Working in the largeN and sswave approximation one

[—2p+ (i) 2+ d2p— A€?]

can calculate the quantum correction 8g4 (effective ac- Here we have chosen the conformal gauge. = — 1e?”,
tion). Using a 2D conformal anomaly for the dilaton-coupled —0 (x*=t=r), andt, is a constant which is deter-
scalar and dilaton-coupled spinor, one can find the anomalyg 0

induced effective action. In the case of dilaton absence squv"ngdtby the initial conditions. Combining Ed&) and (6)
induced effective action gives the complete effective action

which is valid for an arbitrary two-dimensional background. e 2¢

In the presence of a dilaton as above the complete effective 0= T (0,)°+20,pdyp+ AP — P H2¢]

action consists of two pieces. The first one is induced effec- 4G

tive action which is given actually for any background but N+ M N N+2M/3

with an accuracy up to the conformally invariant functional. + T(atp)z— Ep(ﬁtqb)z— Tatpatqs
The second piece of it, i.e., the conformally invariant func-

tional, cannot be found in closed form in the case of scalars. N

Nevertheless, one can find it, using standard methods as —Zln w20, ) +ty. (8
some expansion, say, on the curvatures. We use the

Schwinger-DeWitt(SD) technique to calculate it. We keep
only the leading part of such an expansion; for more details
and an explanation, see Ref$,8,10. Then the effective
action may be written in the following forrf6,8,10:

This equation may be used to determigefrom the initial
condltlon it decouples from the remaining two equations.
Hence, Eq(8) is not necessary in the subsequent analysis.

It is often convienient to use the cosmological time
instead oft, where the metric is given by

1
- 2 N
B fd = [ RaR-NW ‘f’V“’ﬁA 4= —d 72+ e#dr2+e 24d0?, ©)
n N+2_M SR+2NIn w2V ¢V, & |. (4) Since we havedr=e’dt, we obtain 4,=€’9, and 47
3 =e(9*+d,pd,). Then Eqs(6) and(7) may be rewritten as
follows:

Note that the numerical coefficient in front of the loga-
rithmic term does not matter as it can be changed by a res-
caling of u. As was shown in Ref[10] dilaton coupled
spinors do not give a contribution to this term, at least in 5
leading order of the SD expansion. The anomaly-induced +( _ 2e%

—N-— P+ 3 P2p

g 2¢ 2M N+ M
G 3

e 2¢ N 2M o
G T P T¢

+N|(9,¢)%+

effective action for dilaton-coupled spinors is found also in G
the Appendix following Ref[10].

The equations of motion may be obtained by variation of i(—Ae‘2¢+ 1)+ N+M
=S4+ W with respect tog™=, g=*, and ¢: G

(d-0)%, (10
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e 2¢
G
—2

(a.g7+] S
T G

e 2 2M , €%
Xd:pdp—|—5~~N=—37|(dp)"+ 3

(772,p+

G 3
e 2¢
G

(e‘zd’ 2M
O:_

+2N(p+|n,u2)]

X 7=

+2N(p+1+|n,u2)]

A (1))

We now consider a special solution for E@S), (6) and
(7) corresponding to théWick-rotated Nariai solution[18],
where ¢ is a constantp= ¢o. Then Eqs(6) and(7) can be
rewritten as follows:

EE— —2¢g_ p 2
0 (N+M)G(Ae o—1)e*+dfp, (12
Ae 2% e 2 2 7le2 ,
e — — p
G ( G +N+3M +d;p.
(13
Comparing Eq(12) with Eq. (13), we obtain
Coge. 2NEM)G 1
€T % "=
1\/(2N+M)262 1 (8N+6M)G
+— + :
2 9 A? 3A
(14

The sign= in Eq. (14) should be+ if we require that the
solution coincide with the classical oneé ¥°o=1/A in the

classical limit ofN,M — 0. On the other hand, in the solution

with the — sign, we have @®%0~(3N+2M)G/3—0 in the

classical limit. Therefore the second solution does not corre-
spond to any classical solution but the solution is generateﬁz0

by the quantum effects.
The solution of Eqs(12) and(13) is given by

2C ! h R,>0
— ——————— when s
Ro co(t\/C) 0
er= 2C 1 (15)

—— ——  when Ry<0.
Ro cosK(t+/C) 0

HereC>0 is a constant of the integration aRy is the 2D
scalar curvature, which is given by

3A 2N+M)G 1
RO=2€72”&t2p=— <( ) -

(N+M)G 3 A
(2N+M)2G? 1 (8N+6M)G
N9 Tar a3 ) 10

Note that the 4D curvatur®,=R,+2€ %0 becomes a con-
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we obtainRy—2A (R,;—4A). On the other hand, the-
sign in Eq.(16) corresponds to the solution with the sign

in Eq. (14) generated by the quantum effect. In the classical
limit for the solution, the curvatur®, in Eq. (16) diverges

as Ry~3/2(N+M)G— +«. Therefore, from Eq(15), we
find that &° vanishes(note thatR,>0 in the limit): €
=4(N+M)GC/3 cod(tyC)—0. Therefore, by using Eq.
(2), we obtain the following metric near the classical limit:

_4(N+M)GC

(3N+2M)G q
" 3c02(t\/C)

2
3 0-.

(—dt?+dr?)+
(17)

This is a nonsingular metric for fixed, M.

It should be interesting to consider the limit—0, where
there is no de Sitter or anti—de SittékdS) solution at the
classical level. In the limit, we can have a finite solution

200 (3N+32M)G’

) (N+M)GC
3 cod(t\/C)

This tells us that the Nariai space can be generated by the
quantum effect even ik =0.

The obtained solutior{15) [and (17)] might appear to
have a singularity when c$/C)=0 (for the R,>0 case
but the singularity is an apparent one. In fact the scalar cur-
vature R, in Eq. (16) is always constant. If we change the
conformal time coordinaté by the cosmological time- in
Eq. (9), we find that the time c3§/C)=0 corresponds to
infinite future or past.
In the following, we assum®,>0 for simplicity. The
<0 case can be easily obtained by changing the constant
C——C and analytically continuing solutions. We now

change the time coordinate by
1+tan(ty/C/2)

[2
7=1\/=In
Ro | 1—tan(t\/C/2)

Then the time cdt\/C)=0 (t/C= = x/2) corresponds to
7=*o0, Using the cosmological time, we obtain the fol-
lowing metric:

2C IR,
_ 2
ds’=—d~?+ —Rocosﬁ( ™3

Here € %0 is given in Eq.(14). If we assume has period-

icity of 2, the metric describes a nonsingular Kantowski-

Sachs universe, whose topology3sx S,. The radius ofS,

is constant but the radius & has a minimum wher=0

and increases exponentially with the absolute value. of
Hence we found a nonsingular KS cosmology which ex-

6

dr?+ e 2%d Q2.
(19

stant. It should be also noted that the solution exists for botlists on the classical level and which also exists on the guan-

cases of positive\ and negative\. In Eq. (16), the + sign
corresponds to the classical limiN( M—0). In the limit,

tum level(as a quantum-corrected KS cosmolaghhis met-
ric may be considered as the one obtained from the
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Schwarzschild—de SittefNaria) BH (for positive cosmo-

logical constant[18] and from the Schwarzschild—anti-de ;=€
Sitter BH (for negative cosmological constanTo make the

correspondence one has to interchange time and radial cog#tere ' =d/dr. For the caseb= const= ¢, we have the fol-
dinates assuming a corresponding Wick rotation. It is veryowing solution of Eqs(20),(21):

interesting that the last cagef negative cosmological con-

stan) may be relevant to AdS conformal field thedi@FT)

[19] correspondence. We also found a nonsingular KS uni- r(r)=conste %, f(r)=e’=(for+fy). (23
verse which does not have the classical limit and which is

completely mdl_Jced by quantum effec(’ewen_ in the case of For the metric(9), the scalar curvature has the following
zero cosmological constgntHence we obtained an expand- form:

ing universe with radius which is never zero. This cosmol- '

ogy may be interesting in the framework of inflationary uni-

verses as it can describe some substage of inflationary R=2(e?%+3¢'2=2¢' p'+p'2=2¢"+p"). (249
universes where there is an effective expansion only along

3 . (22

2
N+—M)p’+2N(p+a)¢’

one (or two) space coordinates. Then for the solution23) we haveR=2 & %o=const. For
the casep = const= p,, we have the solution of Eq&20) and
(21):

IIl. INDUCED GRAVITY AND SINGULAR KS

QUANTUM COSMOLOGY po=—a, I’(T):eiqS:(ClT'i' C2)1+2M/3N, C1,Co,=cConst,

Let us discuss now the situation when we live in the re- (25
gime where quantunnonloca) anomaly-induced effective
action gives a major contribution to equations of motion. In
other words, quantum cosmology is defined completely by szex% —3N¢o
guantum effects(effective gravity theory which at some 2M+3N
point makes the transition to classical grayiths we will
see in this case the equations of motion admit analytical
solutions which lead to a singular KS cosmology. Here ¢ and ¢, are the values op and ' at 7=0, respec-
We consider purely induced gravity, i.e., theM—o  tively. For the solution(25) we have the following scalar
case. Then the Einstein action can be dropped. For this casg/rvature:
the field equations have the form

—3N ¢}

1= CZ(ZI\/ITN) . (20

, C

N2

2 2 2 e
2M| , N+M ) 2| ci(4M +8MN+3N)+(C PRy TTET
0=—| N+ =3 I+ 3 - p+N(d.¢) R= 2™
3N2(cy+cy7)2
2M N+M (27)
—|N+ 37| dmpd-bt —3 (9.p)%, (20
The solution(25) has a singularity at=—c,/c;.
If p# const, then we obtain the following special solution:
O—(N~l— M #p+2N(p+a)d?
B 3 P (p a) 'r¢ f(T):ep:féT‘l‘fo,
+2N(p+1+a)d,pd +(N+2M 3.p)?, (21
(P a) Y T¢ 3 ( TP) ’ ( ) r(T):e—¢:C3[a+|n(f67+fo)]l+2M/3N. (28)
wherea=1In u?. Here fy and f are the values of =¢” andf’ at 7=0, re-
Equation(21) admits the following integral of motion: spectively. For the solutiof28) we have

f2(4M2+8M N+3N?) 3 € % (a+pg)2HaMiN

N2(for+ 1) (a+In(forfo))*WaN
. (for+fo) (atn(fgr+ o) ™™ 9
3[a+In(for+fo)]2
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The solution (28) has a singularity whenr=—f,/f|
—e @/f,.

Let us consider the case whép=0, p+# const; then we
have the following special solution:

d?) 6N . -~ Cy
—= i—pe P ,
dr 2M + 3N ~ 6(M+N) -
1+ ——
(2M+3N)2°
p=p+a, (30)
r(r)=e ¢=c,[p| “CM*3NBN = ¢ ¢ ,=const.
(31
For the solution30),(31), we have the following scalar cur-
vature:
3c1(2M + 3N
R:e2¢+ _ 1( ) _
ePp[(2M+3N)2+6(M+N)p]?
X{(2M+N)(2M +3N)?

+6[2M2+MN(2N+1)+N3(3N-1)]p}. (32

The solution(30),(31) is singular wherp=0 or p=—(2M
+3N)2/6(M +N).

PHYSICAL REVIEW D 60 024008

3A 2/3
p+a=,8+(7(7'—7'ﬁ)> . (36

Here 74 is a constant of the integration apd-a= g when
7=175. By substituting Eq(36) into Eq. (24), we find the
behavior of the scalar curvature

4N

N-}—2
3

27

4m? 3A\ %3
+ﬁ% 5 >(7) (T—TB)_ZB. (37)

243 N+ §M

Therefore there is always a singularity whpr-a~B8+0
except thew= B case, whe vanishegwe should note that
A is finite whenl,=0).

In the casax= 3, Eq.(35) can be explicitly solved to give

121,
NTMm T o)

=+ (39

Here 74 is a constant of the integration. Equati(38) tells
that there is a singularity whem=7,. In the case of an

We now consider more general cases. First we shoulgxpanding universé+ sign in Eq.(38)], Eq. (34) tells us
note that Eqs(20) and(21) admit one more integral besides that ¢’ =0; i.e., ¢ is a constant as in the Nariai spddes]

I, in Eq. (22):
N+M N
—e2P| ()2 2
=] —5—(p")?= 5 p(4")
N+2M
§ g N 12 33
S P e —zale) . (33
Since EQq.(22) can be solved with respect &',
"= N 2M "+l,e7f 34
d’—m —(N+3Mp'+le?, (34

we can deleteb by substituting Eq(34) into Eq.(33) and we
obtain

6l, pta—«a

—2p
N+M p+a—g

1
0=3(p")?+V(p), V(p)=- e

(39

Here a=—12/8Nl, and B=—3(N+2M)%2N(N+M).
Note thatg is negative andr is positive(negative whenl,
is negative(positive.

Since the 4D scalar curvature is given in Eg4), Eq.

(note that there is a singularity even in this case, which is
different from the Nariai spa¢geOn the other hand, in the
case of a shrinking univerge- sign in Eq.(38)], from Eq.
(34), we obtain

(N+M)l,

12'2(7'_7'0)) )
~ N+M ]

¢'=- (39

2NIy (79— T)|a+|n

Equation(39) tells that there is a curvature singularity when
7—1o=[—(N+M)/12,]e" 2 besidesr= 7.

Equation (35 might tell that there would be a kind of
singularity (not always a curvature singularjtyhen p+a
—a*0. We now investigate the behavior neata— «
+0. Then Eq.35) has the form of §')2~B(p+a—a) [B
=12,@ 9/(N+M)(a— B)]. B should be positivénega-
tive) if p+a—a+0 (p+a—a—0) since p’)2=0. Then
we obtain

B
pta~a+ Z(T— 7,)°. (40

Here 7, is a constant of integration anet-a=a when 7
=r,. Equation (40) tells thatp is “reflected” (i.e., p’
changes its signat 7= 7, smoothly without curvature singu-

(35) tells that there would be a curvature singularity whenlarity.

pta—pB+0. In fact, whenp+a~pB+0, we obtain, from
Eq. (39), (p')’~Al(p+a—p) [A=12,(B— )@ AI(N
+M)]. Therefore we find

Equation(34) also tells that there might be a singularity
whenp+a=0. Whenp+a~0, the behavior op’ is given
from Eq. (35 by

024008-5



NOJIRI, OBREGON, ODINTSOV, AND OSETRIN PHYSICAL REVIEW B0 024008
|6 1/1 [— sign in EqQ.(38)], from Eg. (39), we find that there is a
prt—ryp : “3la 3 (pta);. (41 curvature singularity when— 7o=[ — (N+M)/12l ,]e"2 be-
N+ §M sidest= 7.
(3) 0>a>p (1,>0). The regionp+a<pB and the re-
Substituting Eq(41) into Eq. (35), we find that there is no gion p+a>a are allowed. In the latter case, the shrinking
singularity atp+a=0 if the + sign in Eq.(41) is chosen. universe turns to expand atta=a (7=7,) but there is
This means that the singularity does not appe/ar0 if I,  always a curvature singularity coming from the singularity as
>0 or p’<0 if 1,<0 but the singularity would appear in €xplained around Edq41) atp+a=0 (7= 74) when the the
other cases since E(B5) tells us that universe is shrinking%,<r,) if 1,>0 or when the universe
is expanding ¢,>7,) if 1;<0.
N+EM> (4) 0=a>p (1;,=0). Whenl,<0, the regionB<p+a
3 <0 can be allowed. On the other hand, when-0, the
¢— po~ T'”“_ T¢|- (42) regionp+a< g and the regiorp+a>« are allowed. In the
case ofp+a>a, however, we find from Eq44) that there
Here ¢, and 7, are constants of integration anpd-a=0 is a curvature singularity whep+a~0 (7~7,=17,).

Iy

when7=r7,. Substituting Eq(42) into Eq. (24), we findR (5) @>0>p (1,<0). Only the regionB<p<a can be
has a singularity whem= 7, allowed. There is no solution describing the expanding uni-
verse in this case.
21, N+ EM) A_s follows from the above gnalys_is in th_e purely induced
e 2b0] o [N+ (2IMIN 3 gravity case when an expanding universe is constructed due
R~2e *%0|r—7,| + N to matter quantum effects one always gets a curvature singu-

larity such as in the case discussed in R&g]. Neverthe-

31 N+ EM less, it is remarkable that the equations of motion in this case
1 3 X 1 A admit analytical solutions.
X N + (=714 (43 In summary, using as-wave and largeN approximation

we studied gravitational equations of motion with quantum

If 1,>0, the second term diverges when 7,. On the other  corrections. The analytical solutions representingnsin-
hand, if1,<0, the first term diverges. Therefore there is agular KS cosmology are found. In this derivation, for a non-
singularity if 1 #0. singular KS universe the analogy with the Nariai Bafter

Whenl;=0, « also vanishes. Whep+a~0, the behav- interchange of time and radial coordingtés used. In the
ior of p is given by Eq.(40) by puttingae=1,=0. Then the  same way, starting from more complicated multiple horizon
behavior of¢ is given by using Eq(34), BHs with constant curvature one can find other families of
nonsingular guantum cosmologies.

(]5"‘_ |n|7'_7'¢|+¢0. (44)

N+2
3

Here ¢, is a constant of the integration ang=7,. From
Eqg. (24), we find that there is a curvature singularity when
T=Tgy!
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L=v-gf() ¥y d,u, (A1)

whereys is a 2D Majorana spinoff( ¢) is an arbitrary func-
tion, and¢ is dilaton.

Let us make now the following classical transformation of
the background fielg,, :

9,17 2($)9,, (A2)

Then it is easy to see that*(x) — f(¢$)7*(x) and in terms

of a new classical metric we obtain the usual Lagrangian

noncoupled with a dilatofminimal) for 2D spinors:

L=\=3¢73,u. (A3)

Then we get the following conformal anomaly for dilaton-
coupled Majorana spinors, EGAL):
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1RA|f
E—n

/-9
—9T= 241

_ e
241

2

1 f
SR Af-

(f”f—f'z)
f—ngvaﬂ(ﬁﬁvgﬁ

(A4)

Integrating the anomaly, we find the anomaly-induced effec-
tive actionW in the covariant, nonlocal forrfiL0]:

1 11
__ 2 —ql R
2de g[QGwRAR

w

241

RIn f(d))].
(A5)

That gives an anomaly-induced effective action for dilaton
coupled spinors. It is interesting that adding titsto clas-
sical part of the Callan-Giddings-Harvey-Strominger
(CGHS model[20] we get the Russo-Susskind-Thorlacius
(RST) model[21] where the last term iW has been intro-
duced by hands in Ref[21]. Dilaton-coupled quantum
spinors give the natural realization of the RST model.
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